A new construction of parallelisms, determined by Johnson, is valid for both the finite and infinite cases and gives a variety of partial parallelisms of deficiency one that admit a transitive group. Since there are extensions to parallelisms, one obtains parallelisms admitting a collineation group fixing one spread and transitive on the remaining spreads. The construction permits a counting of the isomorphism classes of the parallelisms. In this article, we enumerate the isomorphism classes of the parallelisms and show that there are at least 1 + [(q − 3)/2r] mutually non-isomorphic parallelisms in PG(3, q = p r ), for p odd. Furthermore, we provide a group-theoretic characterization of the constructed parallelisms.
INTRODUCTION
A parallelism in PG (3, q ) is a set of q 2 + q + 1 spreads which cover the line set. One of the most interesting classes of parallelisms is due to Denniston. In [2] , Denniston gives a combinatorial construction of a class of parallelisms in PG(3, q) consisting of q 2 + q Hall spreads and exactly one Desarguesian spread by use of the Klein quadric. However, the automorphism group of the parallelism is not determined and, as such, there is no determination of the possible isomorphism classes.
Furthermore, there is a combinatorial construction given in Beutelspacher [1] using properties of an embedding of PG (3, q) into PG(3, q 2 ) which is valid for q > 2 from which it follows more-or-less directly that the Buetelspacher construction provides the same parallelisms as those of Denniston. Again, the group properties of the parallelisms are not given for the main consideration.
In the first author's text 'subplane covered nets' [4] , a group-theoretic construction is given of parallelisms also with the property that one of the spreads is Pappian and the remaining spreads are Hall. It is probable that the parallelisms constructed are related to the Denniston/Buetelspacher parallelisms but our intent is not to establish such connections. Rather, we are interested in both a group-theoretic characterization as well as an enumeration of the number of mutually non-isomorphic parallelisms in the finite case.
In this paper, we develop the group-theoretics that take place directly in the vector space in whose lattice of subspaces one finds the spreads of the parallelism. This has the advantage of simplicity of construction as well as the ability to enumerate the isomorphism classes. We are able to show that in PG(3, q = p r ), there are at least 1 + [
2r ] mutually non-isomorphic parallelisms, when p is odd.
However, we do not restrict ourselves entirely to the finite case. For example, we show that there are at least 2 κ o mutually non-isomorphic parallelisms in PG (3, R) where R denotes the field of real numbers.
We are able to provide a group theoretical classification as follows: THEOREM 1. Let K be a skewfield, a spread in PG (3, K ) and P a partial parallelism of PG (3, K ) containing .
If P admits as a collineation group the full central collineation group G of with a given axis that acts two-transitive on the remaining spread lines then (1) is Pappian, (2) P is a parallelism, (3) the spreads of P − { } are Hall, and (4) G acts transitively on the spreads of P − { }.
(5) Moreover, P is one of the parallelisms of the construction of Johnson.
BACKGROUND AND THE CONSTRUCTION
We shall be constructing parallelisms using central collineation groups of Pappian spreads. We begin with the analysis of such groups and the corresponding parallelisms. DEFINITION 2. A 'partial parallelism' in PG (3, K ) , for K a skewfield, is a set of mutually line-disjoint spreads. The partial parallelism A is of 'deficiency one', if and only if for each point T , there is a unique line incident with T which is not within one of the spreads of A. We assume that K is an arbitrary field, finite or infinite. In the following, we shall let R be a regulus in PG (3, K ) where K is a field. REMARK 4. If K is any field which has a quadratic extension field K , then every element e of K − K defines an irreducible quadratic x 2 − x f − g exactly when e 2 = e f + g.
If K is not G F (2) , there exist two fields of matrices in G L(2, K ) that share exactly the matrix field u 0 0 u ; u ∈ K .
Hence, there exist two distinct Pappian spreads containing a regulus. 
ISOMORPHISMS
In this section, we determine the possible isomorphisms of a parallelism constructed as in the previous section as well as the collineation group.
We begin with discussion of the collineation group of a Hall plane in both the finite and infinite settings. PROOF. Let σ be a collineation of the Hall plane π * constructed from π by the derivation of R and let R * denote the opposite regulus net. We note that if π = R ∪ M then Mσ − R * ⊆ M. Assume first that K is finite and isomorphic to G F(q). Then
which is > q + 1 if and only if q 2 > 3q + 2 if and only if q > 3. Then |πσ ∩ π| > q + 1 so that πσ and π are Desarguesian planes of order q 2 that share strictly more than q + 1 components. Since any two Desarguesian affine planes on the same points sharing at least three components contain a subnet coordinatized by a subfield of each coordinatizing field, it follows that π = πσ . That is, each collineation of π * is a collineation of π and thus must leave R * , and hence R, invariant. Now assume that K is infinite. Basically, we want to give the same proof as above without counting. For a proof, we appeal to the representation of the spread sets.
We represent the components of π as follows: A Pappian spread π corresponds to a quadratic field extension of K . Hence, there exists a corresponding irreducible quadratic x 2 + xa − b for a, b ∈ K such that the spread for π has the following form:
is a field isomorphic to the associated quadratic extension. We note that we may consider the regulus R net with partial spread
Now derive R to produce the associated Hall plane π * .
We write π = R ∪ M. For any given t = 0, we obtain the associated regulus nets R t with partial spreads given as follows:
That is, M ∪ {x = 0} is the union of reguli R t that mutually share a common component
Since σ is a collineation of the associated Hall plane π * , and clearly, as K is a field and σ ∈ L(4, K ), then σ maps reguli to reguli.
Hence, Mσ ∪{x = 0}σ is the union of reguli R t σ that mutually share a common component
We want to show that any such collineation σ fixes R * , so assume that R * σ = R * . Hence,
Since πσ and π are both Pappian spreads, the regulus D generated by three common components is within each spread. Now since σ is a collineation of π * and the spreads for π and π * are both in PG (3, K ) , it follows that the spread for πσ is also in PG (3, K ) . Two Pappian spreads that contain a regulus and an additional common line of PG (3, K ) are identical (see the previous background section). If πσ = π then σ leaves invariant π ∩ π * = M so σ then must leave invariant R * and also R.
So, assume that πσ and π share precisely a regulus (net). Note that πσ = Mσ ∪ Rσ so Mσ − R * ⊆ πσ and we have noted that
We again note that Mσ is the union of an infinite set of nets which are regulus nets R t σ minus a common component (x = 0)σ .
It might be possible that R * , since it is a regulus, is one of the R t o σ s. However, then since
Hence, any regulus R t 1 σ must share all components except for (x = 0)σ with D and since this number is infinite, it follows that D = R t σ for all t = t o . That, is Mσ is contained in a union of two regului that share (x = 0)σ , a contradiction. We have a contradiction to assuming that σ does not leave R * invariant or Mσ − R * has fewer than three components. Hence, Mσ − R * is contained in a net of two or less components say L 1 , L 2 so that Mσ ⊆ R * ∪ {L 1 , L 2 } so that every regulus R t σ which shares all but (x = 0)σ with Mσ must intersect R * in at least three components which implies, since R * is itself a regulus, that R * = R t σ for all t, a contradiction.
Hence, we have the proof to the theorem. onto the regulus net R * ρ . PROOF. The full collineation group of ρ * leaves the net R * ρ and admits a collineation group isomorphic to G L(2, K ) which acts transitively on the remaining components. Since there is a collineation group of ρ * which acts transitively on ρ * − R * π σ , it follows that
REMARK 12. We note that we shall distinguish notationally between a spread S and the affine plane defined by the spread by using π S to denote the plane. More generally, the translation net defined by a partial spread Z shall be denoted by π Z .
THEOREM 13. Let K be a field of cardinality > 3 and let ,
, and denote Pappian spreads containing a regulus R where and are distinct from and let denote the axis of the central collineation group G of π .
Let P , = ∪ { g; g ∈ G} and P , = ∪ { g; g ∈ G} be parallelisms in PG (3, K ) . PROOF. An isomorphism σ , by definition, is a mapping from the spreads of P , onto the spreads of P , and since there is exactly one Pappian spread in both parallelisms, it follows that σ must map onto and hence induce a collineation of . Since G acts transitively on the spreads not equal to of each parallel parallelism, we may assume that σ maps onto . By the previous theorem, the collineation group of π leaves π R * invariant and acts transitively on the components not in π R * where R * denotes the opposite regulus of R. Since the collineation group of π leaves π R * invariant and acts transitively on the remaining components, it follows that the collineation group of π σ leaves π R * σ invariant and acts transitively on the remaining components. Hence, it follows that π R * σ = π R * from which it follows that R * σ = R * , implying that Rσ = R. Now assume that σ maps to 1 . Assume that = 1 . Let G σ denote the central collineation group of π with axis 1 . It follows that G and G σ are collineation groups of the parallelism P , .
Thus, for every element g of G, there exists a corresponding element h g of G σ such that g = h g . Note that the previous result on the collineation groups of Hall planes of orders > 9 shows that two Hall planes are isomorphic (equal) if and only if the associated Pappian planes are isomorphic (equal).
Therefore, it must be that π g = π h g and furthermore, it can only be that Rg = Rh g . Hence, each regulus involved in the construction shares both components and 1 which is a contradiction. Thus, σ = . It remains to show that σ may be considered to leave at least three components of π R invariant.
The subgroup of G, G R , which leaves R invariant also acts 2-transitively on the components of π R different from . Moreover, every collineation group which fixes each component of the opposite regulus net π R * acts as a collineation group of any Pappian plane which contains π R . Hence, it follows that G R is a collineation group of each plane and . Thus, we may assume that σ fixes three components of π R . Coordinatize π by K 2 and assume that σ fixes x = 0, y = 0 and y = x with respect to some basis choice. Then, σ may be represented in the following form:
and for all a ∈ K 2 − {0}.
Note that all Pappian spreads in PG(3, K ) are coordinatized by quadratic field extensions of K so that the mappings (x, y) −→ (xα, yα) for α ∈ K − {0} are collineations of each Pappian plane and hence are collineations of each corresponding Hall plane. Therefore, the group G L(1, K ) fixes each Hall and Pappian plane so that the permutation group induced is a subgroup of
This completes the proof of the theorem. PROOF. Let ρ be an automorphism of K 2 . Then k ρ ∈ K provided k ∈ K , which implies that the standard regulus net π R is left invariant under the group (x, y) −→ (x ρ , y ρ ), for all elements ρ ∈ AutK 2 . Furthermore, the group elements (x, y) −→ (xa, ya) are kernel homology elements of the Pappian plane π which implies, in particular, that such elements leave invariant the regulus net π R . It then follows directly that any such mapping of L(1, K 2 ) must leave invariant the set of Pappian spreads containing the regulus R when considered acting in the projective space and since the set of such Pappian spreads corresponds bijectively to the set of quadratic field extensions of K , we see that
We have seen that the set of parallelisms of Johnson type containing a given Pappian spread may be partitioned into isomorphism classes by the group L(1, K 2 ). This completes the proof of the corollary. 2
In the finite case and, for example, when K is the field of real numbers, all quadratic field extensions are isomorphic. Since any such Pappian spread may be embedded into PG(3, K ), we see that the isomorphisms may be taken within L(4, K ). However, when there exist non-isomorphic quadratic extensions, we obtain other non-isomorphic parallelisms. 
PROOF. We have seen that there is exactly one Pappian spread in each parallelism. If the two parallelisms are isomorphic then the two Pappian spreads must be isomorphic and hence the associated fields must be isomorphic. This proves (1).
If and are isomorphic then by use of the central collineation groups, it follows that we may assume that maps onto (using the fact that if the associated Hall spreads map to each other then so do the corresponding Pappian spreads). Hence, if maps to then the corresponding coordinatizing fields must be isomorphic. This proves (2) and we have seen previously that (3) is valid.
2
PROOF. Acting on the associated Pappian spread, σ fixes all components. Assume that σ fixes a second quadratic extension or, equivalently, fixes a second Pappian spread. Since σ is then in L(2, L 2 ), for a quadratic extension L 2 of K , and furthermore, the regulus R is in each such Pappian spread, it follows that σ has the following form acting on the second Pappian spread:
where the automorphism ρ is in Gal K L 2 and juxtaposition denotes multiplication in L 2 . Thus, σ 2 is in the kernel homology group of the second Pappian spread. In other words, σ 2 fixes all components of both Pappian spreads. However, any component of the second Pappian plane that is not in the first Pappian plane is a Baer subplane of the first Pappian spread so that σ 2 induces a kernel homology on such a Baer subplane, and note these subplanes may be coordinatized naturally by
acting on the first Pappian spread, this implies that there exists an element a ∈ K 2 such that a 2 ∈ K . If the field is perfect and characteristic-two, then the mapping x −→ x 2 is an automorphism which implies that a is in K . This completes the proof. PROOF. Since any two quadratic field extensions of K are now isomorphic, and we know that there are exactly q(q − 1)/2 Pappian spreads in PG(3, K ) containing a given regulus, the group L(1, K 2 ) permutes q(q − 1)/2 − 1 = ((q 2 − 1) − (q + 1))/2 spreads distinct from .
We consider the orbits under G L (1, K 2 ). If q is even then the orbit lengths are all q + 1 so that there are exactly ((q − 1) − 1)/2 = q/2 − 1 mutually non-isomorphic parallelisms.
If q is odd then the orbit lengths are of length q + 1 or (q + 1)/2. Let a denote the number of orbits of length (q + 1)/2 and b the number of orbits of length q + 1. Then,
For the next analysis, we shall require a fundamental result which gives an unusual construction of the q(q − 1)/2 Pappian spreads containing a given regulus or, equivalently, the quadratic extensions of G F(q).
THEOREM 18. Let K be G F(q) and K 2 be any quadratic extension of K . If K 2 is defined using the irreducible quadratic x 2 + ax − b then let u + at bt t u ∀u, t ∈ K denote the associated 2 × 2 matrix field over K . Let the spread be denoted by
and note that the regulus R is given by
Then there is a Baer group B of π R of order q(q − 1) such that the set of Pappian spreads containing R is given by B.
By choice of coordinates, B has the following form:
Then, B has the following form:
Furthermore, the associated quadratic extension fields are: (−1, a) = (u, v) , to
Note that there are exactly q(q − 1)/2 images as there is always a unique non-trivial solution, namely
Hence, if x 2 + ax − b is irreducible then so is
PROOF. The collineation group of a regulus contains a group isomorphic to G L(2, q) · G L(2, q)
where the product is a central product and the intersection of the two groups is the scalar group of order q − 1. One of these groups is generated by central collineations and one is generated by Baer groups. It follows that there is a Baer group of order q(q − 1) acting. By appropriate choice of coordinates, we choose a Baer subplane to be given by {(0, x 2 , 0, y 2 ); x 2 , y 2 ∈ K } when considering the planes in a four-dimensional K -vector space. The form of the associated Baer group is now immediate.
To determine the images of the Pappian spreads, we may take the image of y = x a b 1 0 , which with R completely determines the image spread. We note that if an element = 1 of a Baer group leaves a Pappian spread invariant then the element must have order 2 since the element induces an element of Gal K K 2 for some quadratic extension K 2 of K . Hence, each orbit has length q(q − 1)/2 which implies that the group B acts transitively on the set of Pappian spreads containing the regulus R. To see that the fields are as maintained, note that
Now adding −v 0 0 −v and dividing by u 0 0 u , we obtain:
which defines the quadratic extension uniquely. To see which elements fix which quadratic extensions, consider the system of equations:
It is not difficult to verify the following: For characteristic even or odd, the unique non-trivial solution for (u, v) = (−1, a) . (Note when a is not zero, one obtains: a 2 (1−u 2 ) = −4b(1−u 2 ). But, a 2 = −4b as the discriminant of x 2 + ax − b is a 2 + 4b.)
We note that the element −1 a 0 1 has order 2 when the order is odd or even. by (a, b) . We shall also use this notation to refer to the associated fields.
COROLLARY 20. When q is odd, let be denoted by 0 γ 1 0 where γ is a non-square.
Hence, the number of orbits of length (q + 1)/2 is exactly the number of irreducible polynomials of the form (x 2 + cx + γ ) where γ is a fixed non-square in G F(q).
PROOF. Recall that σ fixes x = 0, y = 0, y = x of and has the form
Write σ as u γ t t u , for some u, t ∈ K . We know that σ 2 is in G L(1, K ), which implies that m 2 ∈ K . The matrix multiplication gives
This allows that u = 0 or t = 0. But, if t = 0 then σ ∈ G L(1, K ). Hence, u = 0 and then, by appropriate scalar multiplication, we may assume that t = 1.
Hence, it follows that modulo G L(1, K ), we may assume that σ = 0 γ 1 0 .
So, considering an arbitrary Pappian spread c d 1 0 , we have the image 0 γ 1 0 If a = 0 so that b is a non-square distinct from γ in K , we shall call the spreads, '0-spreads' and the associated fields, '0-fields'.
THEOREM 23. (1) If q is odd then the orbit of
for u, t not both zero} where a u,t = a(u 
Hence, a 0-orbit of (0, b) is fixed by τ if and only if
More generally, an orbit containing (a, b) is fixed by τ if and only if
The reader may easily verify that a u,t and b u,t are as maintained. This proves (1) . Now assume that a = 0. Then, for a( 
If −1 is a non-square, there are, therefore, exactly
orbits of length q + 1 of 0-spreads. If −1 is a square, there are exactly
orbits of length q + 1 of 0-spreads. (Count the number of possible non-squares b defining orbits of (0, b)'s of length q + 1.) This proves (2) . Letting the (0, γ )-field be defined by
Hence, if we represent vectors (
, it follows that the automorphism can be represented four-dimensionally over K as follows:
From here, we assert that
defines the image of (a, b) under τ . To see this, we note that
This gives
0 from which the assertion follows.
Since 
If t = 0, then a u,0 = a and b u,0 = b so this does not occur. Hence, assume that t = 0. Then, we need to verify the following equations: PROOF. Assume that q is odd. We note that there is a unique orbit of length 
PROOF. We have seen that the full collineation group of a parallelism of this type is a subgroup of L(2, q 2 ) and depends on whether the second Desarguesian spread is in a G L(1, K 2 ) orbit of length (q + 1) or (q + 1)/2 (designated as a 'long' or 'short' orbit, respectively). That is, we note that the order of the collineation group is q(q +1)|G |. Furthermore,
where contains the regulus R. The order of this last group divides (q 2 − 1)2r . Since the kernel homology group of order q −1 acts trivially on all of the spreads, it follows that the 'projective' group H P of the parallelism P is as follows:
This completes the proof. 
THE DERIVED PARALLELISMS
We now consider parallelisms of the second class of parallelism constructed. That is, let denote the Hall spread obtained by the derivation of R and let P denote the previously constructed parallelism.
Then ∪ ∪ {P − { , }} is a parallelism of PG (3, K ) . We shall call this a parallelism P * 'derived' from P.
We first note that any such parallelism P * admits a collineation group isomorphic to G R . We now ask if there is any enumeration process for the derived Johnson parallelisms. We first note the following theorem: THEOREM 28. Any parallelism ∪ ∪ {P−{ , }} = P * admits G R as a collineation group that fixes and for R a regulus contained in Pappian spreads and . Furthermore, if |K | > 3 then the full collineation group must leave and invariant and permute the set of reguli {Rg; g ∈ G}.
PROOF. We note that G R must fix and and permute the remaining spreads of P. It then follows that G R also fixes and and permutes {P−{ , }} which implies that the group is a collineation group of the parallelism P * .
Clearly, is invariant under the full collineation group as it is the only Pappian spread of the parallelism.
Assume that g is a collineation which maps onto g for some g ∈ G. Then it follows from Corollary 11 that R maps to Rg and hence that R maps to Rg. But, since maps to it follows that contains R and Rg both of which are reguli of . Since = , it follows that R = Rg which implies that g ∈ G R , a contradiction as then and would be in the parallelism. It similarly follows that the set of derived reguli are permuted so the original set of reguli is left invariant under the full collineation group.
Hence, is left invariant by the full collineation group. Then any isomorphism from P * onto P * must map onto , maps onto , permutes the set {Rg; g ∈ G} and leaves the axis of G invariant.
PROOF. The proof of the previous theorem shows that is left invariant which implies that is also left invariant under any such isomorphism. Furthermore, it also follows from the previous theorem that the set of reguli with given axis are permuted by any isomorphism. Since these reguli are permuted and is left invariant, it follows that the axis must also be left invariant under any isomorphism. That is, P * is isomorphic to P * if and only if the parallelism P is isomorphic to P .
PROOF. Let σ be an isomorphism from P * onto P * . Since maps onto and onto , and σ permutes the set {Rg; g ∈ G} and leaves the axis of G invariant, it follows that σ induces an isomorphism mapping onto and maps onto and maps the set { g; g ∈ G} onto { g; g ∈ G}. This proves that there is an induced isomorphism from P onto P . 2 THEOREM 31. A derived parallelism P * cannot be isomorphic to P.
PROOF. If a derived parallelism is isomorphic to P then P * admits a collineation group of the unique Pappian spread which acts transitively on the remaining spreads which is contrary to the above theorem. 
INFINITE PARALLELISMS
First assume that we have an infinite field K admitting non-squares and let γ be a nonsquare so that K [γ ] = K 2 is a field coordinatizing a Pappian spread in PG(3, K ).
All of the previous results of finite fields of odd order basically apply in this setting. In particular, the mutually non-isomorphic parallelisms are the orbits under L (1, K 2 ) .
Furthermore, we have seen that L(1, K 2 ) preserves the 0-orbits of G L (1, K 2 ) . However, since K is finite, it is not clear what are the orbits of G L (1, K 2 ) .
Never-the-less, we see that the corresponding orbits of elements (a, −γ ) must be permuted by L (1, K 2 ) . The actual number or cardinality of the set of such orbits depends on the field K .
It is still true that the orbit structure under G L(1, K 2 ) still has the same form mapping (a, b) onto (a u,t , b u,t ) . Furthermore, in each such orbit under G L(1, K 2 ) of a 0-spread, for b not −γ or γ , there are exactly two 0-spreads.
Considering the orbits of 0-
Note that if γ is a non-square then a 2 γ is also a non-square, so there are car d K nonsquares.
Hence, we have: PROOF. Since the central collineation group is transitive on the components of − { }, it follows that the associated translation plane is a semi-field plane. Since the stabilizer of two components is transitive, it then follows that the plane is also a nearfield plane. Hence, the plane π must be a Desarguesian affine plane. Assume that the vector space whose lattice of subspaces defines PG(3, K ) is a 'left' K -space so that the lines correspond to left twodimensional K -subspaces. We may still represent in the general form:
where a, b are in the center of K (see, Johnson [4, Chapter 26] ). We assume that the axis of the central collineation group is x = 0. We also have a derivable net D:
which is a 'pseudo-regulus' net. The central collineation subgroup G D which fixes this derivable net then fixes all of the Baer subplanes of this derivable net incident with the zero vector. Some of these Baer subplanes are left two-dimensional subspaces which implies that they are lines of PG(3, K ) and hence lie within a spread ρ of the parallelism P. The group G D is a Baer group of any fixed spread ρ. Since the Baer group contains what would be called a Baer elation group which fixes a two-dimensional left subspace π o pointwise and acts transitively on the remaining left one-dimensional left subspaces on a component of π o , and also admits a Baer group which fixes a second Baer subplane that is also a left two-dimensional subspace, it follows that the net is covered by left two-dimensional subspace type Baer subplanes. That is, the derivable net is a K -regulus net implying that K is a field. It now follows directly from the above representation that must also be coordinatized by a field so that is Pappian. Let ρ be any spread of the parallelism distinct from and note that x = 0 becomes a Baer subplane of ρ. Let M ρ denote the set of components of ρ which non-trivially intersect x = 0. Let L be any component of M ρ so that L is a Baer subplane of which non-trivially intersects x = 0. Clearly, there exists a subgroup G L of G which acts sharply 2-transitively on the components of distinct from x = 0 that non-trivially intersect L. These components form a regulus net R L and a Baer subplane (line of PG (3, K ) ) is fixed by G L if and only if it lies within R L as a Baer subplane.
Note that G L is a Baer group of ρ since L is fixed by G L and there is a unique spread, namely ρ, containing L. Moreover, the components of M ρ are fixed by G L as G L is Baer on ρ. Hence, these components are the Baer subplanes of R L .
That is, ρ contains an opposite regulus of a regulus of . Now derive this regulus to obtain a spead ρ * which is a conical flock spread admitting a central collineation group G L that admits sharply 2-transitively on the components of R L distinct from L. This group also acts transitively on the components of ρ * − R L and it follows almost immediately that ρ * is Pappian; by choice of the regulus net as the standard regulus net, we may represent the spread ρ * as: 
